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What We Do

@ Build on the hydrologic framework that tracks local water stocks, flows,
recharge, runoff, and depletion.

@ Add an economic structure with multi-country, multi-grid, multi-sector
production, stochastic land productivity, consumption, and trade.

o Integrate hydrologic dynamics into the economic model through two
margins:
» Within period:
* Hydrologic states determine local water availability and mean land efficiency.
* Given these hydrologic states, the static general equilibrium determines production,
land allocation, and trade.
» Across time:

* Extraction changes future water stocks and hydrologic states.
* A Hotelling-type condition characterizes the intertemporal dynamics of water
extraction.

o Today:
» Present the static economic structure of the model;
» Preview the intertemporal water-extraction maximization problem.
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Spatial Structure and Indices
e Countries: n.me N ={1,... N}
e Physical grids: i € Z = {1,..../}, with
I=WHZ,, I,NIn=2(n#m).
neN
Each grid belongs to exactly one country; i, denotes grid i located in country n.

e Sectors: j,kc J ={1,...,J}; J- C J denotes active land-using sectors.

e Water sources and time: a € {Sh, Dp} indexes shallow-groundwater and
deep-groundwater extraction; t =0,..., T.

Appendix: water states and motion
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Water Extraction and Local Water Endowment

@ In grid i,, water can be extracted from two sources:

a € {Sh, Dp}.

@ Total extraction depth is

; — DiySh iy PP
Div;, + = Divy ", + Div; .

o Let A, denote grid area. The water endowment available to production at time t
is
FAVter = A;,Divi, ;.
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Economic Model Overview

@ Spatial economy

» Multiple countries, multiple grids within each country, and multiple sectors.

Sectoral goods production

» Combine a CDE primary-factor composite and sectoral composite intermediates.
» The CDE composite includes labor, local water, and land in efficiency units.
» Sectoral composite intermediates link sectors through roundabout production.

o Land

» Each grid contains a continuum of plots w € [0, 1].
» Sector-specific Fréchet draws in land efficiency imply stochastic plot-level returns.
» Households allocate plots in two layers:

Active vs. Idle = conditional on Active: across land-using sectors.

@ Households
» Receive labor, land, and water income; consume sectoral goods.
@ Trade

» Grid intermediate output is collected at national hubs before international trade.
» Two-layer CES Armington demand: H vs. F = conditional on F: Fi,..., Fy.
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Model: Production | — CDE Primary Factors and Upper Nest

@ The quantity of the primary-factor composite, V;, ; :, is defined implicitly by a CDE production
function over labor, local water, and land in efficiency units:

CDE LAB Water Land
mej:f = Vn,j (Fi,,,j,t B Fin,jﬁt 7efn>j‘f(w)Finﬁj,t rﬁ”-/a aj, E]) .

@ The corresponding CDE unit-expenditure relation is

1- and 1-of Vater 1-o}"
1= 4 \“\/, !,‘ A (1—o Ay wyt® TRV La—oh) ’rI,{,J,z](#v')/eru jie(w) 8%V, ‘t,y(l—v“) r’\n\»[' /
ni Vind, PV Vi 1.j Vind, TP Vi . Vini, PV Vi

inot inot inot

Pi‘:‘j,t is the unit-expenditure price of the primary-factor composite.

@ The upper production nest combines the primary-factor composite and sectoral intermediates:

v . N
__ aprod y int Yn,jk VvV U
Qi jyt = An.j-t Vi, jt'mi I | ( in,j.k,t) ) Ynj + g Ynjk = 1.
k

keJ

Appendix
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Model: Production Il — Unit Cost and Land Return

@ Perfect competition implies the grid—sector unit cost of production:

rLand(w)

_ LAB  Water [ipj,t \(

Cin.j,t—cn,j Whit STt s 7{P”‘k=f}kej’v""-j>f .
€ir.j.t(w)

@ Inverting this relation with respect to the land return gives

Land(

Fimive (W) = €0y j,e(W)Ciy j Ty -

» h; j+ collects the grid—sector components common across plots, isolating e; ; ;(w) as
the plot-specific stochastic component.

@ Current hydrologic states determine mean land efficiency:

Ei,jc = Elei, j,e(w)] = Ei,.j,c8i(Mit, Sie, Die) -

» [, ;. captures baseline grid—sector land efficiency, while g;(-) captures the
sector-specific effect of current local hydrologic conditions on land efficiency.

Appendix: land-return inversion
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Land Allocation: Land Manager's Problem

@ Each physical plot w € [0, 1] chooses between an active land use j € J and remaining idle:
sand sand
max { {35 @)} s A5 @)}

@ Active land: ¢, :(w) is the plot—sector-specific land-efficiency draw:

Land

e (w) = e, (W)Cigithinge,  JETC

@ lIdle land: ¢, o(w) is the plot-specific replacement/setup requirement, measured in labor units. Its

labor cost is

oo (W) = e, o(w)wye”

@ The land-efficiency and replacement-cost draws follow a two-layer nested Fréchet distribution.

) N\
Pr(e,,[(w)<e,,1)exp{[r(ll/w)] |:<Z'°> + (Z (%) ) :| }
jegt I

» 1/ governs substitution across active land uses; 1/, governs the active—idle margin.
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Land Allocation: Two-Layer Mapping

o Let /:_,-L"Lnd denote the fixed physical-land endowment in grid i.

@ The upper margin determines the active-land share W,LH.AI; conditional on being
active, the lower margin determines wiLn_j‘A . across j € JL.

@ Hence the unconditional land share of active sector j is

L

_ L L
Tipgst = Tin Aty j|At

@ Physical land allocation is
Land Land L(Lnd L Ldnd
Fnjt_ IJtF F (1— lAt)F

Land adds up exactly: F fmd + ZJEJ F,I;‘Jmtd FL‘lnd

Appendix: land payments and setup labor
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Land Allocation: Two-Layer Outcomes

Define mean returns R;, ; + = E; j +Ci, j.chi, j.c for j € JL and Ri, 0t = E,-”_ow,];t .

@ Lower nest — across active uses:

1/vs R )
) — . vy L _ in\J,t
Ripae = E Ri k.t S ) '
Py in,At
@ Upper nest — active versus idle:
L Rip,a,e™ L

L
T = T =1-m; .
At ) in;0,t ALt
In, A, Ri,,AO,tVl + Rf,,,A,tVl n,Y, InsA,

@ Conditional efficiency:

L —1/v L —1/v
Ele;, j,t(w) | w € iy je] = Eipje(mh 2 )7 (wf a )72

@ Grid output in a land-using sector:

hi i —

T nsJst Land . | L (r1=1)/v1 (L (vo—1)/v7

Qipjit = vV F; E’n,Jyf(ﬂ—r‘n,A,t) (Wimj\A.t) .
In.j7in.j,t

Appendix: return and output details
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From Grid Prices to Armington Prices

Cimj,t — Pmm,j.t — an,j.t — Pn.j,t~

o Let c_!,-m_j > 1 denote the iceberg collection cost from grid i,, to country m's national hub.
The national-hub price is total production value per unit of effective supply delivered to
the hub:

P Y iez,, Cimirt Qinjt Q=Y Qi t
mm,j,t — ) mj,t = = .
’ Qmj t i€Zm dl‘mJ

@ Equivalently, P, ;. is the effective-quantity-weighted average of d; ;c; ;.

Q/ Nimj,t/ Yim.j t/ im.J o o j :
mmj t — E = = d/,,,JCl,,,J ty Ym,j,t - Pmm.j,tQm,j,t - Cim.j,tQi,,,,j.b

i€Tm Qm,j.e i€Tm
@ Bilateral iceberg trade costs then map the national-hub price into the destination price:

'Dnm.j,t = dnm.j'Dmm.j,h dnn.j =1

Appendix: collection value identity
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Armington Trade: Two Nests

@ Foreign-origin nest. Conditional on importing sector j, country n aggregates foreign origins m # n:

1/(1-o))

Imp _ C —rrJM )\M _
nJ t nm,j "m,J t ’ nm,j,t —
m#n

@ Domestic-versus-import nest.

. 1—oP - mpyl—c?
Pn,j.t = |:Q,?J'Pnn,j,t S+ (1 - LnD.j)('D,ILj,];) /

@ Let A,?j ; denote the domestic expenditure share. For m # n,

Nomje = (L =22 M

njt) nm,j,t*

M )
Cnm.j'D’”"-J,f

M
J

1—0o

M
-M ) 1—0'
Ze;én Cor jPreje

1/(1-o7)

) U governs substitution across foreign origins; U governs substitution between the domestic and import

com posites.
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Households

@ Country n's representative household aggregates sectoral consumption using Cobb—Douglas

preferences:
C. .= C ol c _q
n,t — n,j,t ) ”/7.j — -
jeg jeg

@ The corresponding cost-of-living index is

n,j
C | I Pn,j.t
Pn,t: , PthCthf(} PntCnt
jeg mj

@ Households receive labor income, land revenue, water revenue, and an exogenous net transfer
(trade deficit) D, .

C LAB LAB Wat Wate
Pn‘,tCn,t = Wpt E Sln active,t | + E g RLlnj t+ g iyt ' HF e + Dn‘t-

i€Z, i€Ly jegt i€,

where
Land
5/n active,t = 5 E[el,, ‘ w e anj t] iyt
jegt

is the setup/replacement requirement of active land, measured in labor units.
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Market Clearing and Equilibrium

@ Goods: origin-m sector-j output value equals worldwide expenditure on that origin:

Ym,j,t - E Xnm.j,t; Xnm.j,t - /\nm.j,tXn‘,j,t-
neN

@ Labor, water, and land:

LAB LAB § z : v LAB LAB §
Wn,t In,j an t \/I',, J,t + Wn t si,hactivc?t’

i€y jeT i€Ly

V\dterF\’\'dter _ Vo w o
In t - ,‘n.jsi,,«j,t iniJ,t-
jeJg

— Land Land __
RLi,je = [E[r3 (W) | w € Q]| g FE = 7050 goe Yinioe-

@ Trade balance:

SN Xomii =D Xomjit+Duts > Dac=0.

meN jeT meN jeTJ

Appendix: factor demands and accounting
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Dynamic Extraction I: Revenue and Extraction Cost

@ Water extraction generates local revenue

WaterRevenue; ; = r ater fWater — (Water 4.y,
ns ) ns 7

@ Extraction from source a € {Sh,Dp} has cost
ExtractCost? (.A,—Divf_t, W;;; G,-a) ,

where W;; is the local hydrologic state.

» G captures source-specific extraction technology and efficiency improvements; better
technology lowers extraction costs for a given volume and hydrologic state.

@ Extraction costs therefore vary across sources and can rise as groundwater stocks become
more depleted.
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Dynamic Extraction Il: Intertemporal Problem

@ The resource owner chooses source-specific extraction paths to maximize the present value
of water revenue net of extraction costs:

rvater A:Div; , — Z ExtractCost? (A:Div],, Wy; G7) | .
ac{Sh,Dp}

T t 1
O 2 (H T ) 2

T=1 i€z

@ Extraction today changes future water stocks through the hydrologic law of motion.

@ /< is the opportunity cost used to discount future water rents.

» The current model has no capital input, so r/* is taken as an exogenous discount rate.

° E}ﬁv“t““ = A;Div; ; is endogenous across dates, although it is taken as given within each
static equilibrium.

Appendix: state constraints
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Dynamic Extraction Ill: Two No-Arbitrage Conditions

@ For source a € {Sh,Dp}, define marginal revenue, marginal extraction cost, and marginal
net return:

Jater . b
. 0 [ritft A, DIVI-,t]
it aDiv;, ’

NR?, = MR?, — MC?,,
where MC?, is the marginal extraction cost of source a.

@ Across time — Hotelling no arbitrage:

NR? .,y = (1+rf,) NR?,,  a€{Sh,Dp}.

@ Across sources — within-period no arbitrage:

NR?, = NRP,,  a,be€ {Sh,Dp} if both are used.

1
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Hydrology and Economy: How the Model Works

depletion and return flows: t — t +1

Climate and Hydrologic state\‘

geography w, Water extraction
o S . D
rain, snow, local water D'V?,}r': Div,
recharge, runoff stocks and flows )
P scarcity
water availability |
and land water supply Water
Wate
productivity  y v In,t
National . .
oods markets Grid production Local water market
i _ y <«—| and land allocation |«—| FY2 = ADiv,,
rmington trade, Jater ’ Water '
& Quujey FERS, Feter e

demand, goods prices

Within a period, hydrologic states determine water availability and land efficiency, shaping production costs
and comparative advantage; production, land allocation, trade, and demand determine local water values.

Across time, extraction and return flows change water stocks, shifting future water availability and
comparative advantage.

Together, these margins govern water use and broader economic activity over time.
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Appendix: Water States and Motion

@ Let s e {1,...,6} index water states. For grid /,

Wi
Wi
Wi 6 _
VV,S? cR s Wt:[th Wt/].
Wi
VVl_zAt;;tlve

Wti =

@ Global water motion is

W, = W1 + Q, Q,=T:+S;,

where T contains within-grid transitions and S; contains across-grid runoff routing

< Back to Spatial Structure
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Appendix: Within-Grid Transition Matrix

0 N g g ROV 0 rit

e 0 0 0 0 Diviy

B, — et qit 0 ffih 0 Div;“t‘
0 et b ¢ 0o 0 0

0 0 0 0 0 DY
€it it fi.e (] 0

C I rl."bt‘i“ + r{°% is precipitation; g; ; is runoff; fl.s’t}‘ is shallow recharge; b; ; is baseflow.

@ The withdrawal terms Div;'", Divﬁ}t‘, and Div?tp enter the agricultural-land water column and link physical

water motion to economic extraction.

<— Back to Water Supply
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Appendix: Exact CDE Primary-Factor Relation

The CDE primary-factor quantity index is defined implicitly by

LAB

L w
) ) LAB 1-0o; Land( ))/e: D)\ 177 o ) Water 1-0;
1= glABy,  AB—alAP) Wnt ’ Ly oty (g (w)/ e j,t(w) L awy e e i
= Pnj Vipj,t? / Vov o + B jVinjt N v + B85 Ving,t i Vov . .
iny,t Vindot inyjyt Vinsdst inyst Vindst

@ [ . are distribution weights, rr/t‘ are input-specific substitution parameters, and (f are expansion

pai’ameters for x € {LAB, L, W}.
@ The plot index w appears only through the land return/productivity ratio; labor and water prices are
common within a grid-sector at date t.

<— Back to Production
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Appendix: CDE Shares and Grid-Sector Unit Cost

@ Define primary-factor cost shares

LAB gLAB Water g Water
pa _ e Fiie o Rbige  w Tt P
inJst T v ) in st S in,st T 1 . ’
P,',,,j,tvlmj,t in,j,tvlmj,t in,j,tvfnu,t
with sEAB 4 b4 sW =1,
@ For the upper Cobb—Douglas nest, define
v
V a7 . ~
Thj= (A’n,j) Yn,j I I gk Tk
keg
Then "
; %
P n.J Voo Vn,j,k
Cin,j,t = A])r()d(Pin,j,t) " | I(Pn,k,t) T
nyjst keJ
< Back to Production

=] (=) = E == DA
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Appendix: Land Return Implied by the CDE Relation

From collection zero profit,

Cinjit = =5

Solving the CDE relation for the return per efficiency unit of land defines 7, ; ;:

 amgiam /ARy 1-oRAP w-eh
PY Vg |1 0 Vi ()
By e = —2
Cinj.t TRV L
Hence Land
an
w)
’n:Jf I Land
— N Cinj,tNi.j b5 E[r Finjst (W)l = Eiyj,tCioj,thin jie-
&iy.j,t(w)

<— Back to Production

] [ =
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Appendix: Gross Land Payments and Setup Labor

@ Let ; ;; be the set of plots selected into sector j. Gross active-land payment is

— Land Land _ .V _L .
RL;, ;. = E[rin,j,t (W) we Qin.,j-,t] Fi,,.j,t = VnjSi,j.t it

@ Activating land requires setup labor

rLand L —1
Sipactive,t = Ei, oF;™" {1 — (0.0 )M} :

@ Net land revenue is

NRLj, e =3 RLj,je—=wytPSi activers  NRLne= Y NRL .
jeTgt i€z,

< Back to Land Mapping
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Appendix: Selection, Conditional Return, and Output

@ Conditional selected productivity is

Ele;, j,t(w) |w € Q;, ;] = EimJ'.,t(W!_,,‘A,t)_l/,/l(ﬂ':{;.j\Aft)_l/Uz'

@ Therefore conditional return is

E[ri43 (@) |w € il = Rie(mh )7 (7 jiae) 7

@ Combining selected productivity, land size, and the CDE land cost share gives the output
formula shown on the main slide.

<— Back to Land Outcomes
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Appendix: Collection-Hub Value Identity

For any active grid i € Z,,
Pmm:j7t = dim:jciert'

Together with

Qi ot
Qmje = Y —=L=,
i j

this implies

Ymjit = Prmjt@mjt = D Cinjit Qumjit = O Yimiit-
ieTm ieZn

Thus iceberg collection losses affect physical quantities delivered to the hub, while the
value of national production equals the sum of grid production values.

<— Back to Grid-to-Hub Trade
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Appendix: Bilateral Expenditure and Absorption

® Qum,,+ is destination-n absorption of origin-m sector-j goods and

Xnm,j,t = Pnrmj,thm,Lt-

@ Total sector-j absorption and expenditure in destination n satisfy

A
Xngt =D Xomjt = PnjtQnj -
mE/\/

o Bilateral spending is
Xnm-,j-,t = Anm,‘.j7tXn7j7t'

< Back to Armington Trade
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Appendix: Factor-Income ldentity

@ Production labor, gross land payments, water payments, and intermediates exhaust
grid-sector output value:

LAB LAB Water ~Water 2
Yanf_W Fl,,1t+RL/an+r Fljf + 'antMankt
keTd

@ Summing over sectors/grids, subtracting setup labor from gross land payments, and using
goods-market clearing gives the household income identity on the main slide.

@ This makes clear why setup labor is counted in national labor clearing but deducted when
gross land payments are converted to net land income.

<— Back to Households
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Appendix: Factor Demands and Accounting

@ The upper Cobb—Douglas nest assigns ‘,Xj of grid-sector output value to the
primary-factor composite:
PY Vit =YYt

. . [a' . B
in,t In,j "insJs

@ Direct labor, water, and intermediate demands satisfy

LABLAB _ _V _LABy/
Wp 't Fin,j,t = VnjSinjt Yiojts

Water mWater _ .V W .
ri '+ Fin_j,f = ;’n.j5in,j,tY:n,J.ta

Ins

int A
P, e M5 ke = Vnjik Yint-

<+ Back to Equilibrium
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Appendix: Extraction State Constraints

@ Source-specific extraction is constrained by physical availability and enters the water-state
transition system through the corresponding withdrawal terms in B;.

@ In compact form, write the hydrologic state transition as
Wi = g(Wta {Div},}i a Zt) )

where Z, collects exogenous climate/geographic inputs.

@ The dynamic problem additionally imposes

Divit >0 and source-specific feasibility bounds implied by W;;.

@ The static economy is solved conditional on the current extracted-water endowment; the
resulting r,"*" feeds back into the extraction problem.

< Back to Intertemporal Extraction
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