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1 Introduction

We study how demographic change shapes economic growth and international trade. We
develop a dynamic multi-country model that combines overlapping-generations households,
endogenous physical-capital accumulation, innovation, and Ricardian trade. Demographics
affect the economy through three margins: the supply and age composition of effective labor,
life-cycle saving and capital accumulation, and the allocation of workers to research and the
resulting creation of new knowledge. Production uses labor, capital, and traded intermediate
inputs, while country productivity evolves endogenously through age-dependent research
activity. International trade links these forces across economies by changing market access,
factor returns, operating profits, and the value of innovation.

We use the framework to study how differences in fertility, survival, participation, and
population age structure generate persistent differences in growth and trade patterns, and
how openness can amplify or mitigate the economic effects of demographic transition. Our
quantitative application focuses on China and Japan, which provide contrasting stages of
demographic transition, and asks how changes in population structure reshape saving, in-
novation, comparative advantage, trade, and long-run income. A central motivation is what
we call the “China 2.0” question: as the demographic forces that supported China’s earlier
growth weaken, to what extent can capital accumulation, innovation, and international trade

sustain productivity and income growth in the next stage of development?

2 Model

Time is discrete and extends indefinitely. The world economy consists of N countries, indexed
byi,n,f € {1,...,N}. Age groups are indexed by g € G = {1,...,G}, and tradable varieties
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by w € [0,1]. At the beginning of period f, country i is characterized by its population distri-
bution {Nj ¢ }¢cg, physical-capital stock K; ;, and knowledge stock A;;. Fertility, survival, and
labor-force participation determine the exogenous demographic path, while physical capital
and knowledge evolve endogenously.

Each firm has a production division and an R&D division. The production division uses
labor, physical capital, and composite intermediate inputs to produce a continuum of vari-
eties. At the beginning of each period, the best available productivity for each variety follows
a Fréchet distribution determined by the country’s knowledge stock. Varieties are traded in-
ternationally subject to iceberg trade costs. In each destination—variety market, the supplier
with the lowest delivered cost serves the market and charges the delivered cost of the next-
best supplier, following the Ricardian-Bertrand structure of Eaton and Kortum (2002) and
Bernard et al. (2003).

The R&D division employs researchers from different age groups and generates new pro-
ductivity points through a Poisson process. Research productivity varies with age, so the
contribution of an age group to innovation depends on both its size and its research ability.
New productivity points are added to the country’s knowledge stock at the end of the period
and become available for production in period ¢ + 1. This timing separates current production
from current research while allowing the value of future operating profits to determine firms’
demand for researchers (Kortum, 1997; Eaton and Kortum, 1999, 2007; Santacreu, 2015; Cai
et al.,, 2022). The production and R&D divisions are jointly owned by domestic households,
which receive the firm’s net payout.

Households live for at most G periods and face age-dependent survival probabilities.
Conditional on labor-force participation, an individual of age ¢ in country n supplies I, ¢
efficiency units of labor and can be assigned to either production or research. Households use
labor income, capital income, and firm payouts to finance consumption and saving. Saving is
invested in domestic physical capital and determines K; 1, while research determines A; ;.

Demographic change affects the economy through three margins. It changes the supply of
effective labor through participation and age-specific labor efficiency, the creation of knowl-
edge through the age composition of researchers, and physical-capital accumulation through
life-cycle saving. International trade connects these margins across countries by affecting
prices, factor returns, market access, operating profits, and the value of new knowledge. The
joint evolution of population, capital, and knowledge determines both the transition path and
the stationary balanced-growth equilibrium (Ravikumar et al., 2019; Sposi et al., 2021; Sposi,
2022).



2.1 Demographics, participation, and labor allocation

Let N, ¢+ denote the number of age-g households alive in country n at calendar date t. House-
holds live for at most G periods. Let f; o+ denote births per age-¢ household, and let s, ¢+ €
[0,1] denote the probability of surviving from age ¢ — 1 to age g, with survival realized at
calendar date t. In particular, s, 1; is newborn survival and s,, g1+ = 0. Population evolves

according to

G

Nn,l,t+1 = Sp,1,t Z fn,g,th,g,t/ (1)
g=1

Nn,g+1,t+1 = Sn,g+1,t+1Nn,g,t/ g = 1,...,G—-1 (2)

Total population and the population share of age group g are

_ G o Nn,g,t
Nn,t == Z Nn,g,t/ nn,g,t - N .
g=1 n,t

Thus, 1,4+ is the fraction of country n’s population that is age ¢ at date ¢, and

G
Z nn,g,t =1 (4)
g=1

The parameter [, > 0 denotes the efficiency units supplied by one active age-g worker
in country n. It captures both the country and age dimensions of effective labor and may
combine education and human capital, the working-age profile, hours conditional on partic-
ipation, and other age-specific productivity differences. The value [,,, = 0 outside working
ages is allowed. Let 7}, € [0,1] be the fraction of potential workers outside the labor force, so

1-— TnL, ; is the participation rate. Active age-g labor and its efficiency-unit counterpart are

LVl,g,t = (1 - T,,ﬁt)Nn’g,t, En’g,t = ln,gLn,g,t. (5)

Conditional on participation, firms assign a fraction Sﬁ,g,t € [0,1] of active age-g workers

to research. The superscript R distinguishes the research-assignment share S,If,g,t from the
survival probability s, ¢ . Researcher and production-worker headcounts are
R _ R P _ R
Ln,g,t = Sn,g,th,g,l‘/ Ln,g,t = (1 - Sn,g,t)Ln,g,t/ (6)



and aggregate efficiency labor in the two activities is

G G
£§,t = Z ln,gLE,g,t/ Eg,t = Z l”,gLS,g,t' (7)

The competitive wage W, ; is paid per efficiency unit. An active age-g¢ worker therefore earns
Wi tln,g, whether assigned to production or research. The representative age-¢g household

receives average labor income
L
Wi (1= T g (8)

Thus, the production-research assignment does not alter the household’s labor income or its
individual saving problem.

2.2 Production, trade, and operating profits

Country n combines a continuum of varieties into a nontradable composite good,

1 o 75T
Qnt = {/0 Xpt(w) o dw} , oc>1, 9)

where x,¢(w) is total demand for variety w. Let P, be the corresponding ideal price index
and X, 1 = P,,+Q;, nominal expenditure.

A producer in origin i with productivity g; ;(w) uses efficiency labor h; ;(w), physical cap-
ital k; ;(w), and the composite intermediate input m; ¢ (w):

. S ] oy
Vi (@) = Gia (@) () k(@)1 7710 (), (10)

where v,y i, ¥i(1 —vLi), and 1 — ; are the variable-cost shares of labor, capital, and inter-
mediates. Let R;; be the rental payment per unit of capital. Unit input cost before dividing
by productivity is

cir =Y (WZ',,);?L,I'RI{;IYLJ)% P;;“Yil (11)
where Y; is the Cobb-Douglas cost constant defined in Appendix A.1.3. Shipping one unit
from origin i to destination n requires x,;; > 1 units at origin, so delivered unit cost is
KnitCit/q. Bilateral variables use destination-origin ordering throughout.

The best productivity available for a variety in country i is Fréchet:

Pr[g;;(w) < g| = exp[—)\i,tq_e], 0 > 0. (12)



Define destination n’s competitiveness index
. 0

Dy = Z Avt(Cotnes) " (13)
=1

The lowest-cost supplier serves the market and charges the second-lowest delivered cost. The
resulting bilateral expenditure share and price index are

Xnpit )\i,t(ci,tKni,t)_e

= - 14
ﬂnz,t Xn,t q)n,t ’ ( )
1
—1\ 1@

P, = B(6, U)CD;}/G, B(6,0) = F<2 — 06) . (15)

We impose 6 > o — 1, which is sufficient for the price moment used in (15) to exist.

Country i’s gross sales and operating profits are
N o 1

Yii = Z TCi t X Hif = in,b (16)

n=1

The remaining fraction 6/(1 + 0) pays variable production costs. Factor payments therefore

satisfy
Wi LF, = ')’i')’Lz'LYi tr (17)
A~ " +9 ,
0
Ri,tKi,t = ’)’i(l - 'YL,i)in,tr (18)
0
PM;; = (1— %‘)in,h (19)

where M;; is aggregate intermediate demand. Only Ef ; enters current production; research
labor affects output through future knowledge.

2.3 Research assignment and knowledge accumulation

Country i’s current research productivity depends on the knowledge stock inherited at the
beginning of period t:

Wiy = &iAjy, a; >0, 0<v<l. (20)
The parameter &; is country i’s fundamental innovation efficiency. The term A, captures the

effect of existing knowledge on the productivity of current research.
Within the active workforce of age g, workers are ordered by u € (0,1]. A rank-u worker



contributes
bigi(u) = ai,tqgéué’l, g >0, 0<é<l, (21)

to the Poisson arrival intensity of new ideas. The parameter 7, captures age-specific research
ability. The parameter § governs the curvature of the within-age research schedule and hence
diminishing returns to assigning a larger fraction of an age group to research. In contrast, /; ,
measures the general labor efficiency of an age-g worker in country i and therefore determines
the worker’s wage per active person.

If a fraction sfg,t of active age-g workers is assigned to research, the knowledge increment
generated by this age group is

R
S+
18t
Aligt = Ligt /0 bi,g,t<”) du

;
= &g (sFor) Lige (22)

Independent age-specific Poisson processes superimpose. Total new knowledge is there-
fore

G
AAi,t - Z A)\i,g,t
g=1

G g
=&AL Y e (ng,t> Ligt (23)
g=1

and the knowledge stock evolves according to
Aipr1 = Aip + DAy (24)

Because every age group draws idea quality from the same Pareto kernel, age-specific
Poisson superposition changes only the scale of the idea process. The accumulated produc-
tivity frontier therefore remains Fréchet. Appendix A.1.4 provides the stochastic foundation.

Let v;; be the date-t nominal value of one unit of knowledge created during period ¢t. A
continuum of atomistic innovation firms chooses research assignments and takes v; ; and W; ;
as given. Suppressing the firm index in a symmetric equilibrium, the age-g research problem
is

max Li,g,t [Ui’to_éi)tztﬂgsg - Wi,tli,g5:| . (25)

0<s<1

For an interior assignment, the first-order condition is

¢
gvz‘,t‘ii)\;itﬂg (ng,t) = i,tli,g~ (26)



The left-hand side is the value of the marginal knowledge increment generated by assigning
one additional active age-g worker to research. The right-hand side is that worker’s foregone
production wage.

The research-assignment share is therefore

1
CU‘,tU_C‘)\]‘/ n jerg
SO g , lg>o.

sk ¢ = min 1,< Wl (27)

The participation factor 1 — 7/, multiplies the number of active workers L; 4, in both the

value and wage-bill terms of (25); it therefore cancels from the private first-order condition.

R
it

rent production labor, knowledge accumulation, wages, and v;;, and can therefore affect the

Participation has no direct effect on s;'_,, but it changes aggregate research employment, cur-

research assignment indirectly in general equilibrium.

24 OLG households and endogenous physical capital

In each country 7, households live in an overlapping-generations environment with exoge-
nous fertility and survival. A household born at calendar date t is age ¢ at calendar date
t + ¢ — 1. Its consumption and asset choices are therefore indexed as

{Cn,g,H—g—l }gG:1 s {an,g+1,t+g}§;11 .

Here a1+ ¢-1 > 0is the physical-capital claim held at the beginning of age ¢, and ¢, ¢ t1¢-1 >
0 is consumption at that age.
Period utility is CRRA:

cl=1/p

4 1/
u(c) =4 1-1/p s p > 0. (28)

logc, p=1,

Let B € (0,1) be the household discount factor. The term ¢, > 0 is a saving wedge asso-
ciated with assets that pay off in calendar date 7. A larger ¥, raises the incentive to carry
resources into date T and is calibrated to match the observed capital stock. The initial value
1 is calibrated from the initial steady state, while the transition path {lI)n,t}tT:21 is calibrated
to the observed capital path. For a household born at date ¢, define the unconditional proba-

bility of surviving to age g by

8
Sn,g,t+g—1 = Hsn,h,t-i-h—lr Sn,l,t =1 (29)
h=2



The household chooses lifetime consumption and saving to maximize
S 1
max ﬁgi Sn,g,t+g—1u(cn,g,t+g—1) . (30)

G—
{Cn,g,t+g—1 }gzlf{an,g-#l,t-#g }gzll g=1

Let DI . denote the aggregate net payout of the consolidated domestic corporate sector
and

its per-capita distribution. Let tr). denote the baseline equal-per-capita demographic trans-
fer, including redistributed accidental bequests, and let tr] . denote a per-capita international
transfer. At age g, calendar date T =t 4 ¢ — 1, the budget constraint is

Pn,t+gflcn,g,t+g71 + Pn,t+gflan,g+l,t+g = Pn,t+gfl (1 + rn,t+g71) an,g,t+g71
L
+ Witg-1 (1 - Tn,t+g—1) Ing

+ dﬁ,t-ﬁ-g—l + tri?,t-i—g—l + tr};,t—%—g—lf (31)
forg=1,...,G, with

Anlt = O/ An,G+1,t+G = O/ Cn,g,t+g71 > 0. (32)

Let r,,,r denote the net real return on physical capital paid at calendar date T:

— 5, (33)

where § € (0,1) is the physical-capital depreciation rate. Hence the gross real payoff on one
unit of capital carried into date Tis 1 4 7y, 7.
Equivalently, for an age-g household observed at calendar date 7, the recursive problem
is
Vn,g,r(ﬂ) = max {”(C) + ,Bll)n,r+15n,g+1,r+1Vn,g+1,r+1 (ﬂ/)} ’ (34)

c,a'>0

subject to the calendar-time version of (31), with V,, 41 = 0.
For an unconstrained saver, the Euler equation for a household born at date ¢ is

1/[/ (Cn,g,tjtgfl) = ﬁ¢n,t+gsn,g+1,t+g (1 + rn,tJrg) u/ (Cn,g+1,t+g) 7 g = 1,..., G-1 (35)



At any calendar date ¢, aggregate consumption and physical capital are

G
Cn,t = Z Nn,g,tcn,g,t/ (36)
g=1
G
Kyt = Z Nn,gfl,tflan,g,t/ (37)
g=2
G-1
Kn,t+1 = Nn,g,tan,g+1,t+1' (38)
g=1
Gross investment is
In,t = Kn,t+1 - (1 - 5)Kn,t- (39)

Capital is internationally immobile in the baseline, so domestic life-cycle saving determines
domestic physical capital.

2.5 Corporate payouts and the value of knowledge

Variety production generates ng, while innovation firms pay the research wage bill Wi,tﬁft.
The two activities may be legally separate firms connected through licensing, or the produc-
tion and R&D divisions of an integrated firm. Any royalty or licensing payment between
them cancels upon consolidation. The net corporate payout to domestic households is there-
fore

Df, =TIV — W, LR (40)

it
If DiF’ ; < 0, households make a net equity contribution to the corporate sector rather than
receiving a positive dividend.

A unit of knowledge created during f first earns operating profits in t 4- 1. Poisson marking
implies that one unit of country i’s knowledge stock receives the expected flow H?,}t)ﬂ /Aips1.
Existing claims to knowledge profits and physical capital are tradable domestically. No-
arbitrage therefore discounts the knowledge payoff at the endogenous capital return:

op
P 1L
Z)-, g 4 z + ’U‘, 1 . (41)
T P (T4 rie) [)\i,tJrl v

Appendix A.1.10 derives the Poisson-marking allocation, the present-value representation,
and the no-bubble condition.



2.6 Aggregation and equilibrium dynamics
2.6.1 Aggregation

Let D;; be country i’s trade deficit, with } ; D;; = 0, and set trgt = D;;/N;;. Aggregating
household budgets and redistributing accidental bequests yields the unconsolidated household

resource identity

PiCit+ Pyl = Wi,tﬁzl?t + Wi,t/lft + R;¢Ki
+ Df, + Djy. (42)

Equation (42) displays researcher income explicitly: Wi,tﬁft is received by households as labor
income. Substituting the corporate payout (40) gives the consolidated identity

P;Ciy + Pitliy = Wi,tﬁfft + R Ki; + H?f + D (43)

Research wages have not been omitted: they appear once as household income and once as a
corporate expense and cancel only after consolidation.

The composite-good resource constraint is
Qi = Cip+ Lip + My, Xip = Pt Qi = Yip + Dip. (44)

Original aggregation equations retained from Section 3.4.1. Three markets must clear in
this model: the labor market, the capital market, and the goods market. Each of these equa-
tions amounts to a statement of supply equals demand.

Total demand of capital and labor:

/S

Y- [t (w)deo = (3)
j=1

J .

)3 /O k¢ (w)dw = K (46)
j=1

Now, aggregate individual variables across cohorts, I have:

G
Cn,t = Z Nn,g,tcn,g,t
=1
¢ (47)

G
K = Z Ny,g—1,t—10n,g,t
§=2
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Aggregating individual budget constraints across ages. the budget constraint at the ag-
gregate level is

G G G
Pn,t Z Nn,g,tcn,g,t + Pn,t E Nn,g,tan,g+1,t+1 = Pn,t (1 + 7n,t) Z Nn,g,tan,g,t

g=1 g=1 g=1

G G G (48)
+ 3 NugiWas (1= ) Ing + 3 Nugatrhy + 3 Nugatry,
g=1 g=1 g=1
Aggregate investment is defined as
It = Kt+1 — (1 — (5) Kt. (49)
Equation 48 and Equation 49 implies:

Pn,tcn,t + Pn,tIn,t - Rn,tKn,t + Lzltwn,t + Dn,t/ with Rn,t - (rn,t + 5) Pn,t- (50)

Finally, each composite good is used both as a final good (consumption and investment)
and as an intermediate input. Total expenditure on the composite good in economy 7 at time
tis

Xut = Pt Cout 4 Pt Lt + (1 — yn) Yor, (51)
where P, ; Cyt + Pyt I is final demand in economy 7, and the last term is intermediate de-
mand. In particular, (1 — v,) denotes the expenditure share of the composite good in the

input bundle used by producers in economy 7, and total spending on intermediates equals
total revenue Yy, ; = YN 1 X .

2.6.2 Equilibrium dynamics

Definition 1 (Transitional equilibrium) Given initial knowledge and age-specific assets, { Ano, An,g,0} n,g,
together with demographic paths, participation paths, trade costs, trade-deficit paths, preference shifters,
and model parameters, a transitional equilibrium is a sequence of demographic allocations, household
choices, research assignments, capital and knowledge stocks, prices, trade flows, and corporate payouts
satisfying: household optimality; innovation-firm optimality; the demographic, capital, and knowledge
laws of motion; production and trade; labor, capital, and goods-market clearing; corporate and aggre-
gate accounting; one nominal normalization each period; and the knowledge-value no-bubble condition.

2.7 Balanced growth and the stationary steady state

Suppose that, after date T, all countries share a constant population growth rate g,, stable

age shares, constant survival and fertility rates, constant participation, stationary research-

11



assignment shares, constant trade costs and wedges, and a common gross-output labor share

arL = YivL- (52)

A balanced growth path is a transitional equilibrium in which trade shares, factor shares,
the net real capital return, and age profiles after removing their common growth trends are

constant.

Proposition 1 (Balanced-growth rates) On a balanced growth path with interior stationary research-
assignment shares, the growth rates of knowledge, the productivity frontier, and real per-capita quan-
tities satisfy

1

1 +9r = (1 +gn)m/ (53)
T4+g4a=(1+g)"", (54)
1 gu = (14 8a)/% = (1+ g) ™10, 5)

Individual consumption, individual assets, and the real wage grow at 1 + g.,. Aggregate consumption,
capital, investment, output, and real expenditure grow at

1+gek=1+g1)(1+gw)- (56)

The net real capital return and bilateral trade shares are stationary. If g, = 0, then

8 =84 =8w =8k =0,
and the balanced growth path becomes a stationary steady state.

The balanced-growth capital level is endogenous. It is jointly pinned down by the age-
specific household Euler equations, age-specific budget constraints, asset boundary condi-
tions, accidental-bequest transfers, and capital aggregation. Appendix A.1.13 proves the
proposition and reports the complete stationary system.

12



Table 1: Equilibrium system: transition path and SS/BGP

Block Transition path (TS) Steady state or balanced growth
(SS/BGP)
Demographics Ny gt follows (1)-(2); age shares and par-  Stable age shares; Njgpv1 = 1+

Labor allocation

Research cutoff

Knowledge
Households

Capital

Trade and prices

Corporate sector

Accounting

ticipation may vary.

L . IR
(1 - Tn,t)Nn,g,t/ Ln,g,t

R 7P _ R

Sn,g,th/g,t' Ln,g,t - (1 - Sn,g,t)LVl,g,t'
évn,t’j‘n)\z,t”]g(sﬁ,g,t)g_l = Wn,tln,g' The
participation factor does not enter di-
rectly.
App1 = Anp + ﬂMZ,t Zg ’Ig(sﬁ,g,t)gl‘",g,t-
Age-specific budgets, Euler equations,
survival, transfers, and borrowing con-
straints determine ¢y,g+ and ay, ¢4 1411-

Ln,g,t =

Kitt1 = Lg<G Nugting+1t+1; Int =
K1 — (1= 8)Kp .

Equations (11)—(19) hold at each date.

Df = HEP; — W,,,,g[f,t; vy,+ satisfies (41).

nt —

Both (42) and (43) hold.

L _ L
gn)Nig t; Tt = TuT-
Age-specific 55’ ¢+ and the production
and research assignments are constant.

(v,,,t/Py,,t))\‘é,t/ (Whn,t/Pyt) is constant,
implying constant interior sX ot

Appsr/Ang =14 gy = (1+gn)V/ 07V
Cngt+l = (1 + gw)cn,g,t and Angt+l =
(1+ gw)an,g,t ; the age profiles satisfy the
stationary Euler and budget systems.
Kppi1/Knt = 1+ = (1+gn)(1+
Qw); the capital level clears the domestic
asset market.

Trade shares, factor shares, and Ry, 1/ Py t
are constant; real per-capita quantities
grow at 1+ ge.

The value of knowledge satisfies the sta-
tionary recursion and the no-bubble con-
dition.

Their balanced-growth counterparts
hold with aggregate growth 1 + gk.

13
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A open economy model details

This appendix provides the complete demographic, household, production, trade, innova-
tion, valuation, accounting, balanced-growth, and numerical equilibrium systems underlying
Section 2. We use L for active worker headcount and L;,; = I; ,L; ¢ for efficiency labor.
The parameter /; ; captures both country-specific and age-specific effective labor, including
education and human capital, the working-age profile, hours conditional on participation,
and other age-specific productivity differences. This distinction is important: the gross cost
of assigning one active age-g worker is W;,l; ,, while the participation rate determines how

many workers are available.

15



A.1 Model details and/or equation derivations
A.11 Age structure

The implied unconditional probability of surviving to age ¢ at calendar date f is

8
Sn,g,t = Hsn,k,tJrkfg- (57)
k=1

The unconditional probability of dying at age g at date ¢ is

Dyt = Sn,g—l,t—l (1 - Sn,g,t) = Sn,g—l,t—l - Sn,g,t- (58)

The expected life expectancy of individuals born at date ¢t is

G
Snt = Z kD tk-1- (59)
k=1

At date ¢, if the demographic process has reached a steady state or a balanced growth

path, the population share of age group g is constant and is denoted by 7, ;. Therefore,
G
Nn,g,t - nn,gNn,t/ Z nn,g =1 (60)
g=1

The demographic process is

G
Ny1i41 = Snat+1 Z fn,g,th,g,tr (61)
g=1
Nn,g+1,t+1 - 5n,g+1,t+1Nn,g,t- (62)
Equivalently,
Ni,1,041 Smitifart o Swigifagt o0 Swipifuct| | Natt
: Sn,2,t4+1 0 0 e 0 :
Nn/grt“"l = 0 Sn13/t+1 0 e 0 Nﬂ,g,t . (63)
_Nn,G,t+1_ L 0 te 0 5n,G,t+1 0 1 _Nn,G,t_
Writing N, = (N4, ..., Nyct)', this system is
N1 = Qi Ny s (64)
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Demography and labor-force participation Let
Nt = (Nuit -, Nugr) -
The demographic laws (1)—(2) can be written as
Nit+1 = QutNps, (65)

where the first row of Q,; is {s,1; fn,g,t}gG:y and the element in row ¢ + 1, column g is
Sng+1t+1 for ¢ = 1,...,G — 1. If demographic rates become constant, define the stable
population-share vector

n, = (1, ..., Mng) - (66)

Let g, denote the population growth rate. The stable population shares satisty
Qun, = (1+ gy)ny, 1n, =1. (67)

For a household born at date ¢, the unconditional probability of surviving to age g, reached

at calendar date t + ¢ — 1, is

8
Sn,g,t+g—1 = Hsn,h,t—i-h—lr Spip =1 (68)

h=2
This definition is consistent with s, ¢ - being the probability of surviving from age ¢ — 1 to age
g at calendar date 7.
The country-age efficiency profile [, ; is primitive. It measures the effective labor units
supplied by an active age-g worker in country n and may combine education and human
capital, the working-age profile, hours conditional on participation, and other age-specific

productivity differences. The participation margin is kept separate:

Lygt = (1— T )Nugt Ligt = lng(1—Tr ) Nugr. (69)

The decomposition allows demographic composition, participation, and efficiency to be changed
independently in counterfactuals.

Conditional on participation,

R R p R
Ln,g,t = Sn,g,th,g,tl Ln,g,t = (1 - Sn,g,t)Lﬂ,g,f/ (70)
R < R p < p
'Cn,t = Z ln,gLn,g,tr ﬁn,t = Z ln,gLn,g,t- (71)
§=1 g=1
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Hence c
R P L

£}’l,t + En,t - (1 - Ti’l,t) Z ln,gNn’g,t. (72)

g=1
The within-period timing is as follows. Countries enter period t with A, ¢, K, ¢, and age-
specific assets {ﬂn,g,t}gzy Active workers are realized and firms choose research assign-
ments. Production, trade, factor prices, and operating profits are determined jointly with
these assignments. Households consume and choose {ﬂn’g+1’t+1}g6;ll. Research generates
new productivity points. Household saving becomes K, ¢ 11, and new ideas become produc-

tive through A, 141.

A.1.2 Financial market

The financial market receives deposits of a,,¢+P;; from individuals and must repay those
individuals an amount a,, ¢ ¢ (1 + 7.t ) Py +. The financial market lends

G
Kn,t = Z Nn,g—l,t—lan,g,t
§=2

to firms for use in production. Firms return

R
<1 42t 5) Py 1Ky t
Pn,t

to the financial market. This expression incorporates physical-capital depreciation, so the
amount returned is reduced by the depreciated capital. To clear the financial market, deposits
and repayments must satisfy

G

R
Nn,g—l,t—lan,g,t(l + rn,t)Pn,t = <1 + Pin’: - 5) Pn,tKn,t-
n

’

g=2
Because the baseline is financially autarkic,
G
Kn,t = Z Nn,gfl,tflan,g,t-
§=2

Therefore,
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Preferences, survival, and the individual budget The saving wedge 1, > 0 applies to
assets that pay off at calendar date 7. It enters the Euler equation directly and is calibrated to
match the steady-state and transition paths of aggregate capital.

Consider a household born in country n at calendar date t. It is age g at calendar date
t + g — 1. Its lifetime problem is

G

-1
Jmax o B S g irg—11(Cngirg—1) (73)
{Cn,g,Hg—] }gzlz{an,g+l,t+g}g:1 g=1

where S, ¢ 11 o1 is defined in (68).
At age g, the household satisfies

Py trg—1Cngttg—1 T Pritg—10ng+1i+g = Pritg—1 (14 Tnirg—1) Angitrg—1
L
+ Wn,t—i—g—l(l - Tn,t—i—g—l)ln,g

F D T
+ dn,t+g—1 + trn,t—i—g—l + trn,t—&-g—l' (74)

The baseline transfers accidental bequests equally across households, as in the original OLG
specification. A more general age-specific redistribution rule can be represented by replacing
trr?, ; with tr,?, o,t- Subject to the same aggregate transfer-clearing condition.

Newborn and terminal assets satisfy

anae =0, An,G+1,t+G = 0. (75)

The household receives average age-cell labor income. Since every active worker of age g is
paid Wy, <1, ¢, its budget is identical whether the active member is assigned to production or
research.

The equivalent recursive problem for an age-g household observed at calendar date 7 is

Vn,g,'r (an,g,r) - Cng s ﬂrﬂiﬁﬂ 20 { ! (Cn,g,r)

+ BYnrr18n,g+1,041 Vgt 1,041 (ngr1,o41) }, (76)

Wlth Vn,G+1,T =0.
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Euler equation and borrowing constraint Let y; 4. be the multiplier on the budget con-

straint and Xy, > 0 the multiplier on a;, 1,41 > 0. The first-order conditions are

u/(cn,g,"r) — ,un,g,rpn,rf (77)
,un,g,rpn,r = ,Blpn,'r—i-l5n,g+1,r+1]/‘n,g—o—l,'r—i-lpn,r—o—l (1 + rn,‘r+1) + Xn,g,Ts (78)
Xngtlng+1,74+1 = 0. (79)

The net real capital return is
— 4. (80)

Tnx = P
n,T

The corresponding gross real payoff is 1 + r,, r. For an unconstrained household born at date
t,

u (Cn,g,tjtgfl) = ﬁ¢n,t+gsn,g+1,t+g (1 + rn,tJrg) u (Cn,g+1,t+g) ’ §= 1,...,6-1 (81)
Under CRRA preferences,
Cn,g+1,t+
DS (B sngining (1 Tnesg) ) )
Cn,gt+g—1

Accidental bequests and transfers Date-t capital was purchased by households alive at ¢ —
1:

G
Kyt = Z Nn,gfl,tflﬂn,g,t' (83)
g=2

Only Nig t households survive to age g. Claims left by households that do not survive are

G

Kf,t = E (Nn,g—l,t—l - Nn,g,t) an,g,t- (84)
g=2
Their date-t payoff is
TP, = Put (1 +7us) KB, = [Rys + (1 — 8) Py ] K5 . (85)

Under the baseline equal-per-capita redistribution rule,

B G

D n,t D B

nt — N, . Nn/g,l‘trn,t = Tn,t‘ (86)
n,t g:1

tr
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The international transfer is

Dn,t

T
tr, s =
n,t ’
Nn,t

N
Y Dy =0. (87)
n=1

This closure preserves international capital-market autarky. Endogenous international asset

trade would replace D,,; with current-account and asset-market conditions.

Aggregation and capital accumulation Aggregate consumption and physical capital are

G
Cn,t = Z Nn,g,tcn,g,t/ (88)
g=1
G
Kn,t = Z Nn,g—l,t—lan,g,t/ (89)
g=2
G—1
Kn,t+1 = Z Nn,g,tan,g+1,t+l- (90)
g=1
Investment is
Lt = Kyp11 — (1= 0)Kip g 91)

A.1.3 Composite demand and production cost

The expenditure-minimization problem associated with (9) gives

1

1 =
Py = [ /O pup(w) 7 dw] , (92)
_(Pup(w)\ 77
Xnp(w) = Qut- (93)
P n,t
Variety expenditure is
1-0
w
Pt (@)X (@) = Xt <p”1§()) : (94)
n,t
For productivity normalized to one, a producer solves
min {W; i+ Rk +Pym} st (W7 L)Y > 1, (95)
hk,m>0
Define
Y; = (yivei) " (1 — ,YL,l,)]f%(lfm) (1 — ;)" 0, (96)
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The unit input cost is
ipl=7ri\ " pl—;
cir =Y (ng' R}, ”’Lf) P, (97)

A point with productivity g delivers to destination # at cost

Cuit(q) = K”t;cht- (98)

A.14 Pareto-Poisson foundation of the knowledge frontier

Introduce a temporary quality lower bound z > 0. Conditional idea quality has Pareto CDF

{Q z2<3,
H:(z) = (99)

1-(z/2)7% z>z
For each variety, the number of new ideas generated during ¢ is

NPeWZ(w) ~ Poisson <A)\i,t2_9) . (100)

Conditional on the count, quality draws are independent and distributed according to H:.
For g > z, the probability that all new ideas lie below g is

F},’fSt’neW(q; Z) = exp {_A/\i,tz__e[l - HZ(‘I)]}
= exp[—AAi,tq_e], (101)

because 1 — Hz(q) = q~%2°. Taking z | 0 gives
Fi" (9) = exp[—AAig ) (102)
Poisson thinning gives the number of new ideas above any fixed g > 0:
NI (w; q) ~ Poisson(AA;q~?). (103)
The inherited threshold count is
Nis(w;q) ~ Poisson(Aisq "), (104)
Independent inherited and new processes superimpose, so

A1 = Aip+ DA (105)
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The best point in the accumulated process therefore satisfies
Fit(q) = exp[—Aig~°). (106)

A.1.5 Delivered-cost process, pricing, and trade shares

A productivity point delivers cost below c if g > c;x,;¢/c. Hence the expected number of

origin-i cost points below c is
Wnit(€) = Aip(Ciirenie) 0’ (107)

Let
Puip = )\l‘,t(cl‘,tKVll‘,t)iel Dy = Z(Pné,t- (108)
V4

The aggregate cost process has mean measure ®;; ;c?.
Let Cy ¢ (w) and Cy ¢ (w) denote the lowest and second-lowest delivered costs. Transform

Y = @, Crp(w)?, k=12 (109)
The transformed points form a unit-rate Poisson process, so
Y: ~ Exp(1), Y> — Y7 ~ Exp(1), (110)

with independent spacings. Let U = Y;/Y> and V = Y,. Their joint density factorizes:

fuv(u,v) =ve ®, O<u<l1l wov>0. (111)
Thus
U ~ Uniform(0,1), V ~ Gamma(2,1), uwLy, (112)
and Y -
Copnt = < ch,t) , ?:t =u'e. (113)

Under the Bertrand rule,
Put(w) = Cont(w). (114)

An origin-i point at cost ¢ wins if no other point lies below it:
* 0—1 ,— Dy c?
Pr(i supplies n) = / O@ui e’ e e de
0

Pni t
= —. 115
O, (115)
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The origin mark is independent of V, while price depends on V. Supplier probability there-

fore equals the CES expenditure share:

Aip(cipknif) °
Yo Ap(cpprner) ™0

it =

Since V ~ Gamma(2,1),

which gives

The winner’s variable-cost share of revenue is

G 1/6 o
E|l—| =E = —.
[Cz] [U ] 1+6

Consequently,

A.1.6 Factor payments and static equilibrium

Factor and intermediate market clearing imply

0
Wi,tﬁll'?t = ’)’i’YL,iin,t,
0
RiKit = 7i(1— ’YL,i)in,t,
0
PM;; = (1— ’Yi)in,t-
Thus
1—ry Wirtﬁft
Ri,t - - - 7
YL, Kt
11— Wi Ezlft
M;; =
Yivri Pt
1+6
Yi,t — Lwl‘,tﬁll'jt.
0vivLi '
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Since X+ = Yyt + Dy 1, the relative-wage system is

P
Wirtﬁi,t Z - Wnrtﬁﬁ,t 9
= ni,t

D, . 127
YiVLi - YnYLn 1+6 ™ (127)

Equations (97), (116), (118), (124), and (127) form the static fixed point given (K, A;;, E}j Li-
One nominal variable is normalized each period.
A.1.7 Innovation firms and the research cutoff

Let j € [0,1] index atomistic innovation firms. Let L; 4 (f) be firm j’s active age-g workforce,
with

1
/0 Ligt(j)dj = Lig. (128)
Firm j chooses §Zlfg,t( j) € [0,1]. Its capitalized surplus from this age group is
gR
SR8 = Liga() [ [o1sbiga(u) = Wislyg]
, r\¢ .
= Li,g,t (]) |:vi,t“i,t77g (SR> — Wi/tll'/gSR:| . (129)
The firm is negligible, so
avl‘ t BWZ t
i, 0 (130)
CEH0) CEe)

in its private problem. The interior first-order condition is
§0BiA Y g [Sha (D] = Widlig. (131)
Strict concavity follows from 0 < ¢ < 1.
A.1.8 Why participation does not enter the private cutoff
Using L;¢+(j) = (1 — Tiﬁ)Ni,g,t( j), the derivative of (129) is

95}y L : o (R)ET
SR (1—Ti,t>Ni,g,t(]> SvidiA] g (s ) —Wiig| - (132)

For 1 — 7, > 0, the multiplicative participation term cancels from the first-order condition.

Therefore R
ds gt

otk

it

=0. (133)
Vi ¢, Wip At
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This is a private, partial-equilibrium statement. In the full equilibrium, participation changes
labor supplies, knowledge accumulation, wages, profits, capital, and the value of knowledge,
so generally

ds?
,8t

0. 134
Tl # (134)

1,t

Symmetric firms choose the same cutoff. Aggregate age-group innovation is

:
Mige = iy (s5,1) Lige (135)

For interior age groups,

_ 1
R <(§vi,to¢i)\}’,t17g) -

R = 136
o= (T (136)
The upper-corner condition is
gvi,t&i)\;/,tr]g — Wi,tli,g > 0. (137)
For interior age groups, define
1
GuiiA] N\ T2
Al = <1> : 138
1,t Wi’t ( )
Then )
7 1-¢
Sige = Al (ﬁ) : (139)
L8
The share of age group g in national researcher headcount is
R 1/(1—
Ligt  Ligt(ng/lig) o (140)

Y Lf Y Lip (/1) -0

If participation is common across ages, the common factor 1 — 7}, cancels from researcher

it
composition, although it changes the total number of researchers.
A.1.9 Two corporate activities and consolidated payouts

The model can be interpreted using two legally separate firms or two divisions of an inte-
grated firm.

Let 7.X be the royalty or licensing payment from variety producers to innovation firms.
it Yy g pay Y P
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Production-firm and innovation-firm payouts are

Dj, =1L} — Tiy, (141)
DR = TK —wi,.Lh. (142)

Their consolidated payout is
Dj, = D+ Djj, = I} — Wi L. (143)

The internal royalty cancels. Therefore the quantitative model does not need to determine 7,%
separately. Domestic households own both activities and receive

F

D
F _ it
4= N (144)

A negative payout represents a household equity injection used to finance the current research
wage bill.

A.1.10 Knowledge cohorts and the value of knowledge

Treat A;( as the stock of knowledge inherited at the beginning of the model. Research con-
ducted during period r creates a new knowledge cohort of size AA;,. Because knowledge

does not depreciate, the stock available in country i at a future date 7 is

1
Aie =Aig+ Y AAj,. (145)
r=0
Each knowledge cohort consists of productivity points defined over varieties w and pro-
ductivity levels z. We assume that all cohorts draw from the same variety—productivity dis-
tribution, with common kernel
dw 0z %1 dz. (146)

Cohorts therefore differ in their mass, but not in the distribution of the varieties to which their
ideas apply or in the distribution of idea quality.
More formally, the knowledge points created during period r form an independent Pois-

son point process with mean measure
Vi (dw,dz) = AA;, dw 8z dz. (147)

The inherited stock has the same kernel with scale A;y. Because independent Poisson pro-
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cesses add, the aggregate stock at date T has mean measure
Vi o(dw,dz) = A;  dw 0z dz. (148)

The economic implication is straightforward. Consider any finite region of the variety—
productivity space. The expected number of knowledge points in that region created during
period t is proportional to AA; s, while the expected total number of points is proportional to
Air. Hence, the expected share of the date-t cohort in the date-T knowledge stock is

Pr(knowledge point belongs to the date-t cohort) = %, t<T. (149)
it
Thus, a cohort that accounts for a larger fraction of the accumulated knowledge stock is pro-
portionally more likely to supply the technology used in future production.

Market selection and operating profits depend on a knowledge point’s variety, productiv-
ity, and the productivity of competing points. They do not depend on when the point was
created, the age of its inventor, or the identity of the R&D division that created it. It follows
that the expected share of date-T operating profits attributable to the date-f knowledge cohort
is the same as its share of the knowledge stock:

H(t‘) _ A)\i,t Hop

i i,T"
T Ai,r i,T

(150)

Dividing by the size of the cohort gives the expected date-T operating profit generated by
one unit of the Poisson knowledge scale:

t

T 1

ANy Aig’

-

(151)

This object is an average expected payoff per unit of knowledge intensity. It is not the deriva-
tive of aggregate operating profits with respect to the aggregate knowledge stock.
A nominal unit invested in physical capital at t earns the nominal gross return

P:
Riter = “p o (14 ris). (152)
i,

The date-t price of one nominal unit delivered at T > t is

K Py 1 1
Mtz = 5 (1 + 7/i,u) . (153)
v Pi/T u=t+1
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No-arbitrage implies

[e] H(')p
1,T
v = ; iy . T (154)
T=t+1
Separating the first payoff gives
b I,
0; = 4 z + 0; . 155
T P (T +ri441) [Ai,tﬂ (s (19)
The no-bubble condition is
7113(}0 mfy rvir = 0. (156)

For an interior age group, multiplying (131) by ng,tLi,g,t gives
Wi,tli,gszl',zg,th‘,g,t = G0 tAAjg . (157)

The left side is the age-group research wage bill. The equality allocates the capitalized value

of future profits; it is not a current resource identity.

A.1.11 Aggregate household accounting
Now, aggregate individual variables across age groups:
G G
Cn,t = E Nn,g,tcn,g,t/ Kn,t = Z Nn,g—l,t—lan,g,t- (Dl)

g=1 g=2

The individual budget constraint in the single-sector model is
P P = P(1 Wit (1= Ty lng + dy s+ trs + tr,
ntCn,g,t + Lntln,g+1,t4+1 = n,t( + 7n,t)ﬂn,g,t + n,t( Tn,t> ng T App 1t 11y, 4

Here df , = Df, /N, is the per-capita corporate payout, trL, is the accidental-bequest trans-
n,t n,t ’ p p p p y n,t q

fer, and trT, = D, ;/ N, is the per-capita trade transfer. Accidental bequests satisf
n,t 7 ’ p p q y

G
Z (Nn,g—l,t—l - Nn,g,t) an,g,t
=2

trfll),t = Pn,t(1 + rn,t)gi N, ; : (DZ)
n,
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Aggregating individual budget constraints across ages gives

G G
Pn,t Z Nn,g,tcn,g,t + Pn,t Z Nn,g,tan,g+1,t+1

g=1 g=1
G
= Put(1+7nt) Z Ny, g t0n,g,t (D.3)
g=1
G G
+ Z Nn,g,twn,t(l - T;%t)ln,g + Z Nn,g,tdi,t
g=1 g=1
G G
+ Y Nugatroy+ Y Nugatry . (D.4)
g=1 g=1

Using the definitions of aggregate consumption, capital, accidental bequests, corporate pay-
outs, and trade transfers,

Pn,tcn,t + Pn,tKn,t+1 - Wn,t (ES,t + Es,t) + Dit

G
+ (1 + 7’n,i&)Pn,if Z Nn,g,tan,g,t (D5)
g=1
G
+ (1 + T’n,t)Pn,t Z (Nn,gfl,tfl - Nn,g,t) an,g,t + Dn,t (D-6)
g=2

= (14 74) Py Kt + Wy (ﬁﬁ,t + cﬁrt) + D}, + Dy (D.7)

R
= <1 + Pn't — 5) Py 1Kyt + Wit (‘Cﬁ,t + ﬁﬁ,t)

n,t

+ D, + Dy (D.8)

Aggregate investment is
In,t = Kn,t+1 — (1 — 5>Kn,t- (D9)

Therefore,
PasCot + Putlns = (rus + ) PoiKus + Wae (Lhy + L5,) + D, + Dy (D.10)

= Ry Kyt + Wit (,Cﬁlt + ,Cﬁlt) + D}, + Dy
- Rn,tKn,t + Wn,tﬁ,ljlt + HZS; + Dn,t/ (D'll)

where the final equality uses D, = HZﬁ — Wi LR,

nt —
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Summing individual budgets gives
PiCip + PipKipq = [Rip + (1= 6) Piy] Kis

+ Wie(1—=75) Y ligNigs + Df, + Djy, (158)
8

where accidental bequests cancel through (86). Since

(1—15) Y LigNig: = L+ LF, (159)
8

subtracting undepreciated capital yields

PiCit + Piiliy = Wi,tﬁft + Wi,tﬁft + R;Ki ¢
+ D, + Dj. (160)
Using Df P = Hgf - Wi,tﬁft gives

PyiCit+ Piplis = Wip L], + Ri Ky + H?f +D;;. (161)

Research wages are visible in (160); they cancel only after household and corporate accounts
are consolidated.

Production accounting is
Yie = WisLl + RisKiy + PipMi + TTY. (162)
Combining (161) and (162) gives
Piy(Cit+ L+ M) =Yir+ Diy = Xiy, (163)
which is equivalent to Q;; = C;; + I; 1 + M; ;.

A.1.12 Complete transitional equilibrium

Given initial conditions N

{Ai,of {ang0 }5:1 }izl / (164)

31



exogenous demographic and participation paths, trade costs, trade deficits, preference shifters,
and parameters, a transitional equilibrium consists of sequences

R

i,g,t"
Ci,g,tr ai,g+1,t+1/ Ci,t/ Ii,t/ Ki,t+1/

R
Ni,g,t/ Li,g,tl L Li,g,t’ S

P
i,9,t"

AAi,g,tr )\i,t+1/ Vi ts

Wi,t/ Ri,t/ Pi,t/ Citr Mi,t/
op F

Xit, Yie, 117, D;

,t’ it
D T
AT

(165)

L TThi ts Xni,t/ tr .
i,n,g,t

satisfying the following conditions.
Demography and participation. Equations (1)-(3) and (69) hold.
Labor allocation. Equations (70)—(71) hold.

Household optimality. Households solve (73) subject to (74) and (75), including the Euler

equation or borrowing-constraint inequality.
Capital accumulation. Equations (90) and (91) hold.

Production and trade. Equations (97), (116), (118), (120), and (121)—(123) hold, together with
Xni,t - nni,txn,t-

Innovation. Equations (135), (105), and the research cutoff (136) or its Kuhn-Tucker coun-
terpart hold.

Corporate valuation and payouts. Equations (143), (144), and (155) hold.
Transfers and clearing. Equations (86), (87), and (163) hold.
Normalization and terminal conditions. One nominal variable is normalized each date,

and (156) holds. A finite-horizon computation uses terminal conditions from the terminal
balanced growth path.

32



A.1.13 Balanced growth and stationary equilibrium

Definition Assume that, after date T, all countries share a constant population growth rate
gn, stable age shares, constant survival and fertility rates, constant participation, constant
country-age efficiency units /,, o, constant trade costs, constant saving wedges, and constant
parameters. Assume further that research-assignment cutoffs are interior and stationary and

that the gross-output labor share
KL = ViVLi (166)

is common across countries.
A balanced growth path is a transitional equilibrium for which

Mg ts sﬁ,g,t, Ttwit,  Tat, and all age profiles after removing their common growth trend

(167)
are constant.
Knowledge growth Under stable demographics and participation,
Lugt=(1+8n) "Lugr, t>T. (168)
Because the age distribution and the research-assignment shares are stationary,
sR 1)L sR )L
Zg ’7g( n,g,t) gt _ Zg ’7g( n,g,T) n,g,T’ E>T. (169)
Ln,t Ln,T
The knowledge law remains
/\n,t-i-l = /\n,t + 5‘11/\17/1,)} Z Mg (Sg,g,t)gLn,g,t- (170)
8
A constant knowledge growth rate requires L, ; / A}Jt” to be stationary. Therefore,
Q+g)' " =1+g, 14+g=1+g)"V0. (171)
A fixed quantile of the Fréchet frontier is proportional to Air/f, SO
1494 = (14+g0)"° (172)
The ratio A
n,t
T az?
n,t
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is stationary. Its balanced-growth level is

1/(1-v)
)\n,t . &Zg Wg(sg,g,T)ngng F>T (174)
i S

Per-capita and aggregate growth Let g, be the growth rate of real per-capita quantities
and let gx be the common growth rate of aggregate capital, intermediates, output, and real
expenditure. Along a balanced path,

1+grk = (1+gn)(1+gw). (175)
Production efficiency labor grows at 1 + g,,. Applying these growth rates to (10),

. VR M s
L+ gk = (1+84) [ (1480 ™ (140" " (14 g0
= (1+ga) (1 +gn)" (1 +gx)' ™ (176)

Hence,
L+ go = (L4 ga)/" = (14 gu) /e, (77)

Individual consumption, individual assets, the real wage per efficiency unit, per-capita
payouts, and per-capita transfers grow at 1 + g,. Aggregate consumption, capital, invest-
ment, sales, output, real expenditure, and intermediates grow at 1 4 gx. The net real capital
return is stationary.

Real unit input cost is

Cn,t
ot -y,
P, n,t

_ Tn
< Wi, ¢ > YLn (Rn,t ) 1—7yLn a78)
P n,t P n,t .

Cnt+1/ Pt
Cn,t/Pn,t

Its growth rate satisfies
=(14+gw)*"=1+ga. (179)

Therefore,
(14+g0)(1+g4) " =1, (180)

and bilateral trade shares are stationary.
Stationary household profiles and the capital level For t > T, the stationary age profiles

satisfy
Cn,g,t+1 - (1 + gw)cn,g,t/ an,g,t+1 == (1 + gw)an,g,t- (181)
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For an unconstrained household, evaluate the Euler equation at calendar date T. Since ¢;,,g 11,741 =

(14 8w)cng+1,7, We obtain

Cn,g+1,T

<1 + gw> = [,Bl/)nsn,ngl,TJrl(l + rn,T+1)]p ’ g=1...,G-1 (182)

Cn,g,T

The age-specific budgets at date T, the asset boundaries, transfer clearing, and capital aggre-
gation determine {c, ¢ 1, an,g,T}gczl and the balanced-growth capital level.

Stationary research incentives Real operating profit grows at 1 + gx, while knowledge

grows at 1 4 g,. Therefore,

H22+]/<Pn,t+1An,t+1) (1 + gn)<1 + gw) 1 + g(u

— = ) (183)
HZﬁ/(Pn,t)\n,t) 1 + 8 (1 +g)\)v
If , " )
1 + "n,T
the no-bubble value recursion implies
Un,t+1/Pn,t+1 _ 1+ Sw ‘ (185)
On,t/ Pt (1+g2)
It follows that P Y
v
( n,t n,t) n,t (186)
Wn,t/ P, n,t
is stationary, which supports constant interior research-assignment shares.
Stationary steady state If g, = 0, then
g1 =84 =8w =8k =0. (187)

All undetrended quantities are stationary. The steady state is the special case of the balanced

growth path with zero population growth and no other exogenous trend growth.

A.1.14 Equilibrium conditions
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Table 2: Stationary balanced-growth equilibrium

1+g8n
(1+82)
(1+38w)
(1+38x)
1+ grey
Stationary

Knowledge value

Nominal growth

Nn, b
Zugiir = (1+80)Zngti 2 € {Nug Nu Lng, Lhg LR, LG, L8, LR Y g = Nz ngrn = g
n,

1
Anprr = (1 +g )M (I+ga) =0 +ga)Tv; (1 +gA) = (1+g)V*
Wiy dP ol ol

1
Zygtt1 = 1+ 8w)Zngt; Z €4 Cng ng 5 Py E BB [ (1+8w) = (1 +g4)/"L = (1+g,) P20

P F
Zy 41 = (1+gK)Zn,t7 Ze {anln,Kn/Mn,Qan an an Tn’ ?n}/ (T+gx) =1 +gn)(1+8gw)

Cnt+1 t _
P (g P () = (4 0)' = T

n,

41 Rat

P:t+1 - P:g R s?t,g,ﬁrl = Sﬁ,g,t; Tit+1 = it
Until _ (A+8w) ot (1+80)/(1+82)" <1
Pyrr1 (1+82)" Put’ T+

N

Y GDP=1; (1+gp)=(1+gg)=(1+gx)""

n=1
(1+gw>:1(1+gdr):(1+g,,D):(1+g,,r):(1+gn)’]
(1+g)= Jgﬁ: (1+g0) =(1+g0)7"
(I+gx)=QQ+gy)=(1+gp)=1

(1+grop) = (1+gpr) =1 (1+81)(1+84)7% =
(IT+gp)(1+gx) =1 (Q+gw)l+gn)=1 (1+g0)(1+gr)=1

Vn,g, t € [T, 00)
Vn, t € [T, 00)
vn,g, t € [T, 00)
Vn, t € [T, c0)
Vn, t € [T,c0)
Vn,i, g, t € [T, o00)
Vn, t € [T, o)
Vn, t € [T, o0

Vn, t € [T, 00

)
)
Vn, t € [T, c0)
)
)
)

Vn, t € [T, 00
Vn, t € [T, o0
Vn, t € [T, 00

- ¢
F1 (1480 )Anr = A7 + ’XHAZ,,T ):gzl g sﬁ,g,T) Lyg1 vn
& ¢ T
1’ Aot = [gl £S g (sRor) L,,,S,T} Vi (1+g) > 1
F2 IR =K o P ==k L,.r; LR =Y.l LR o LP =y 1, LP Vn
ng T ~— “ngTrngT ng T — n,g,T/) 18T n,T = &g g tn,g T’ nT = Lgngbnyer Z4
SO, TR, 715\ T=C -1 =0, R <1,
R . ) n,T'18 . = , R T .
B Sp,g,T = WD 1, <W i GunTRRA g (Sn,g,T) = Wi,rlng >0 s;gT -1 Vi, g Ing >0
’ e = n g
F3 W, rLP = % vor RurKur = (1 - 0 P,tM 0 Vi
n,Thy T = TnVLn 110 n,T7 n,TRn,T = n( 'VL,n) 110 Yo, 1 n,TVn, T = 1=yn)— T+ 9 n
op
F4 - Ryr s UnT _ 1 1+ 8w Hn,T 14+8w UnT v
" Pur P 1+ryr (1+82) PutAnT (1+g2) Pur
148w op
4 (1+gr)" 1L, 1+8w
F4/ LI 8 L, <1+, Vi
Py, T4r,7— 148w PyrhAnr (1+82)" wr
(148
,8,T
Hi1 Ny = ):gzl NugTi MfugT = NngT i Lugr=(-Trp)Nygr Lyp=Lip+LRp=(1-1; )Zg 11ngNugr vn,g
n,
H2 Pn,Tcn,g,T+Pn,T(1+gw>“n g+1,T :PnT(l+'nT)‘7n,g,T+Wn,T(1*T )Ing+dFT+h’ T+h’ vn, g € [1,G]
W, 1 db oDy
H2/ ng = (L )angr = (14 u)ang i+ - (1= Tp)lg + g —t ¥n, g € [1,G)
n,
H3 a1, T = An,G+1,T = 0; Cng,T > 0; {Cn g,T}g 17 {a, g+, T}Q 1 Vn
D, T DF
T _“nT. . D _ ng— LT . gF _ “nT
H4 try = NoT ; trn,T =Pyr(1+7,7) ):gZZ ( T+ 20 nn,gl7-> Ay,q,T5 d”,T = Nt Vn
D _ D1, ,D2 ,DIl_ ¢ ("ng-LT . D2 _ G (Mg-LT
H4' trgp =tr, e+ trm.r, trye = P, r(1-9) ):8 ( T+, - nngy;) g, T5 trn,T =Ry,1 28:2 ( T+ —MpgT ) dngT Vn
H4" Pn,T”n,g,T + Pn,Tin,g,T = Rn,T”n,g,T + Wn,T(l - T )lﬂ g+ dn T+ ”n T+ trn T vn, g € [1,G]
H4" Py ringr = Pyr(1+ gw)an,g+l,T - [Pn/T(l - é)an,g,T + trn/T} Vn, g €[1,G]
H5 “/(Cn,‘z, ) = By /g+1,T+l¢n(1 + rn,TH)“/((l +gw)5n,g+1,T vn, g€ [1,G—1]
ng+1,T 4
H5' (1+gw) ngHll {ﬁsn,g+l,T+llpﬂ (1+7y T+1)] vn, g €[1,G-1]
)1 7
n g n -1,T
He Cn,T = Egzl Nn,g,TCn,g,T; Kyr = 2 (lig ) n,g,T N, ng 2 (1 +gn) n,g,T Vn
T 17\ 1 - (- .
T1 e, =Yn (Wnl%nR,, T n) Pn,T’Yn; Yn = ('Yn'YL,n) L [yn(1— 'YL,n)] vl WL’")O —Tn) (1=7m) vn
N 7-1/8 -1
T2 Pur(@) = Conr@) Pt =B(6,0) [T, Air(cirmur) ] 5 Bo,0) =1 (2- T= Vi,
Xyi,T A (¢irruir)° .
T3 TpiT = oote = e M, Xui, T = Tni;1Xn, T Vn,i
" X",T ):,I,\,Izl /\m,T(Cm TKnm, T)” 0 " "
T4 Py, rCu 1+ Purlnr = wn,Tz:PT AW LRy + Ry 1K+ D p+Dyr v
0]
T4 Py rCout + Purlnr = Wn,Tﬁ,,,T + Ry, 7Ky + “,,,T +Dur; Yur= n,T[:E,T + Ry, 7Ky, 7 + Pyt My, T + “,,?T vn
TS/ (1 +gK)Kn,T =Iyr+ (1- 5)Kn,T vn
T5 Inf\ll" = (gl( +‘S)ﬁn,T N Vn
Té Yilq Xin,r — Xitg Xni,r = NXyr = =Du1i Yor = 5ily Xin,T . vn
Té6' Qur =Cu1+Inr+My1;  Xpr = Pu1Qnr =Y, r + Di1s HE?T = myn T vn
17 Df T = “n T M,T‘C{z{,T; GDPy, 7 = Wy, tLj, 1+ Ry 7Ky 7 + DE,T = Wn,TEE,T + Ry, 7K1 + “Z"} vn
17 N GDP,r=1 N
E 47m,T (Rm,TKm,T + Wm,TLfn,T)
_ m=1
T8 Dn,T = *47n/T (Rn,TKn/T + Wn,TLfl,T) + Nn,TT'I[J/' T'IB =" Vn
2 Nm T
N m=1
T
T8’ n T= ¢r1 T ( 1 TKVI/T + Wn/TL;,T) + % Z%:] ‘Pm,T (Rm,TKm/T + Wm,TLf,,,T)} ):nN:1 DPI,T =0 Vn

Z Nm,T
m=1




Table 3: Dynamic transitional equilibrium

_ ¢
F1 Anti1 = Ang = 8nd £S5 g (R ) Lugs i, t
R — R . P — R . R _ R . P _ P
F2 Ligt =Sugilngti Lygr =0 =spe)lngti Lyy=Yelnglyon Lyp=Yelngly e, Vn, gt
Conplny, Mg =7 -1 =0, R <1,
74 SR —mind 1, [ TR s EonRnAY e (SR ) — Wi, gt Vi, gt Ly >0
n,g,t ( Wn,tln,g CUntlln 'l ( 8t nthng >0, sﬁ,g,r -1 8 ng
B Warll = i g Yutr RutKue = (1= 700) Tog Yati PatMug = (1= 1) 1 og Vg it
nt~nt M 1+6 n,ts 1,5, R M 1+0 ntr n, 1, 1+6 1,1 ’
Rt N Pyt Hn t+1 . K
F4 Tt = —= —0;, Upp= - Z +0 ; lim m v, 7 =0 Vn, t
T Py M P (Tt rget) | Ager ! T Mgt
HI Nyt = XS Nugii =Nt (T Nags L5, = £F, + LR, = (1 1k TS hugN Vi, gt
nt = ):8:1 gt Mngt = ot ngt = (1- Tn,[) ngts mt = Lt + nt = (1- Tnlt)):gzl n,g Nn,g,t ng,
H2 Pyicugr + Pupangi1041 = Pup(L+7ne)angr + Wi (1— TnL,[)Iu,g + d5,¢ + try?,; + trf,f vn,t, g € [1,G]
! Wn,l L dﬁ,l + trr?,t + t’;f
H2' gt = (14 rmt)angt — Angi1p41 + o (1=t p)lng + . vn,t, g € [1,G]
’ ! G-1
H3 ap1p =0 nGr1b+G =0 Cughie—1 > 0; {Cn,g/bJrgfl }é((;:]? {”11,g+1,b+g}g—1 Vn, b
D 2 (Nn/g—l,t—l - Nn,g,t) n,gt DF
=2
H4 wl, = n't,‘ oD =P, (1+7, $ ; dr, = _nt Vn, t
it Nn/t ot n,f( n,t) er,t ot er,f
G G
Z (Nn,g—l,t—l - Nn,g,t) n,gt Z (Nn,g—l,t—l - Nn,g,t) n,gt
D1 ,D2 D1 o §=2 D2 §=2
H4/ trnD,t =trp ity = Pyy(1-0) N iotrep =Ry N Vn, t
n,t D2 T n,t
H4" Prz,tcn,g,t + Pn,tln/g,f = er,t“n,g/t + Wrz,t(l - Ty%,f)ln,g + d{;,f + trn/} + trn"‘ vn,t, g € [1,G]
. D,1
H4"' Pupingt = Putangi1ei1 — [Pn,t(l —0)angt +tr,; } vn,t, g €[1,G]
H5 Lé/(cﬂ,g,f) = IBSVI/X+1,I+1 P p41 (1+ rn/t+1)l‘/(crz,g+l,t+l) Vnt, g € 1,6-1]
n,g+1,t4+1 4
H5' ';7 = [ﬁsn,g+1,f+1ll7n,t+1(1 +fn,t+1)] vn,t, g €[1,G—-1]
He Cnt = ):?:1 Npgtcngti Kt = Zg’:z Nyg—1t-10ngt;  Kupy1 = ):5;11 Nig t0n,g+1,t41 v, t
Yo =7\ 1 - —n(1— —-(1-
1 et =Yn (wnf'”RM L"‘) PE Y = (rrnn) R [ (1= )] ) (1 ) =) v, t
1
1-1/8 c—1\T7
T ) = Conglw) Pa = B(0,0) [Ty Maleiomin) ] B0 =1(2- Tt b
Xuit A (cipuin) 8 .
T3 Tip = == Xuit = it Xnt Vn, i, t
" Xint 25:1 /\m/t(cm/tKnm/t)79 " "
T4 Prz,tcn/t + Pn/t In,t = Wﬂ,t ['EJ + Wn/t ﬁﬁ,[ + Rn,IKn,t + Dﬁr,‘ + Dn,t Vn, t
0] O]
T4 Py tCryt + PupInt = Wn,tﬁgyf + Ry, Kt + II"]; +Dut; Yur = Wn,t[fslt + Ryt Kyt + Pt My ¢ +11”]; Vn, t
T5 K1 = Int + (11— ‘S)Kn,t Vn, t
T6 I Xt —ZN ) Xyip = NXup = —Dy; Yo = TN Xt ) Vn, t
T6' Qut = Cut + It +Myt;  Xpt = PuiQnt = Yut + Dt Hig = myn/t vn, t
7 D, = H(r:pt - Wn,f[:}l{,t? GDPyp = WLy + Ryt Kyt + Dﬁ/t = Wn,tﬁff/, + Ryt Kyt + HZP; Vn, t
Vi N, GDP,, =1 vt
N
(Pm,[ (Rm,th,t + Wm,t Lfrx,t)
—1
T8 Dyt = —us (Ry,/tKn/t + w,,,,L;,,) F Ny TP TP = S Vi, t
Z Nm,f
N m=1
,t
T8’ Dyt = —Put (Rn,tKn,f + Wn,tLZ,t) + % ooy Pt (Rm,th,t + Wm,fon,t)" Ty Dt =0 v, t
Z Nm,t
m=1
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A.2 Computational algorithm

A.2.1 Algorithm to Compute the Steady-state

Algorithm 1 Open Economy Steady State: Single-sector Model

1: Guess a vector of capital stocks K’ = {Kj,...,Ky}'. Then calculate I' = {I;,..., Iy}
from I,, = (gx + 6)Ky,, Vn.

2: Solve the single-sector production, trade, innovation, and valuation blocks under fixed
world GDP. Using the current manuscript’s equilibrium conditions, obtain

{nnir PVl/ In/ Rn/ Wn/ X}’l/ Yn/ Hzp/ DE! An/ Un/ Sslg} 7 vn/ i/ g'

3: Solve the (G — 1) Euler equations for each country 7, together with the age-specific budget
constraints and asset boundaries, to obtain

i i i G-1
@y = yc1 =0, {an,g+1}g:1 .

4: Calculate

K — i Nn,gfLTai
! g=2 T+g, "8
for each country n.
5. Check the error term. If

HKi K| <e

stop. Otherwise, go to the next step.
6: Return to Step 2 with the updated guess

Kt =K'+ (1-0)K!, 7€(0,1).

Detail for Step 3

The stationary Euler equation in the current single-sector model is

1 + Cn,o+1,T R P
Lt 8o)onginr [51/Jnsn,g+1,T+1 (1 + P"’T — (5” :
Cn,g,T n,T

Equivalently, 1 )
+ Qw Cn,g+1

- [,Bsn,ngl@n] P ’
Cng
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where
Ry

0,=1+ B 0=1+rn,  Spugt1 = YuSngi1-
n
Thus,
Pncn,g = <1 + gw) (ﬁsn,g—i-l@n) - Pncn,g—H-
Define
An,g+1 = (1 + gw) (,Bsn,g+1®n)_p .
Then
Pncn,g = An,g+1pncn,g+l~
From
PnCn’g - Pn@nan’g - Pn(]. + gw)an,g+1 + Wn(l - Tre)ln,g + dﬁ + t}’,? + tTZ
and
Pucngi1 = Pu@nayngi1 — Pu(l+ gw)angra + Wy(1— TnL)ln,gH + di + tr,? + trZ,
we obtain
Pu®ntng — Pu(1+ §ew)angr1 + Wu(l — Th)lng + db + trD + tr]
Therefore,

Pn®nan,g - [An,ngl@n + (1 + gw)] Pnﬂn,g+1 + An,ngl(l + gw)Pnan,g+2

= Wn(l - Tr%) [An,g+1ln,g+l - ln,g] + (di + t?’};) [An,g—l—l - 1] + trrllj [An,g-H - 1] . (D‘14)

The steady-state accidental-bequest transfer is

tr

b _ PO, & <Nn,gl,T
n

— N, Ay o

The trade transfer is

Dyt
¢ T = ,
"n Nn,T
where
e NVl Al e
Dn - _(Pn (RnKn “I’ WnLn) + Ni Z (Pm (Rme + WmLm> .
Zm:l Nm m=1
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Define

an2 ln,l
anj3 ln2
ﬁn - . 7 T;; - 4
Ay G—1 ln,GfZ
L MG ] (G-1)x1 InG-1 (G-1)x1
[ Lno ] [ Nyua1,1 ]
ln3 Nn,ZT
TrJlr = ’ KIn = : 7
ln,Gfl Nn,Gfl,T
| InG | (G—1)x1 L NeGT |
_ Anz -
An,3
Kn =
AnG1
| Ang | (G-1)x1
Let
0 0 o0 0]
1 0 O 0
a_lo 1 o 0 _ |zeros(1,G —2) 0
eye(G—2)  zeros(G—2,1) ’
0 0 1 0] ¢ iy
0 1 0 0]
o 0 1 0
A= . , I =eye(G—1).
o --- 0 0 1
o - 0 0 0] (G-1)x(G—1)

Define the mortality-gap row vector and the corresponding rank-one matrix:

1 N,1it NyuG-1,T
d = ML N, STV N ,
"= Nor <1+gn n.2,T 1+g, w,G,T

T, = ones(G —1,1)d",.
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Then
tr,? ones(G —1,1) = P,0,,T,d,.

Equation (D.14) can be written in matrix form as

i, = LeftMatrix ' - RightVector,

where
LeftMatrix = P,©,A — P, diag ((1 + gw)ones(G—1,1) + @n/_in)
+ Py(1+ go) diag(A,)A’ — P,©, diag </_§n —ones(G — 1, 1)> T,
RightVector = W, (1 —1}) [diag(j_ﬁn)f,ir - T;} + diag (/_ﬁn —ones(G — 1, 1)) (dh +trl) ones(G —1,1).
Equivalently, the numerically preferred implementation solves
LeftMatrix 4, = RightVector

directly, rather than explicitly constructing the inverse.
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A.2.2 Algorithm to compute the transition path

Algorithm 2 Open Economy Dynamic Equilibrium: Single-sector Model

1: Guess f}:z,...: = {Ki,...,Kn}i_, 7 The economy reaches a new steady state at T 4 1.
The population dynamics reach their steady state before T + 1.
2: Obtain Tz.}:l,...,T ={I,...,IN}{_; _, where

Iil,t = Kiz,t—s—l -(1- 5)K;Zq tr V.

3: Solve the single-sector production, trade, innovation, and valuation blocks under fixed
world GDP, obtaining

op F R
{nni,tl Pn,t; I}’l,t/ R}’l,tl Cl’l,t/ W}’l,tl X?’l,t/ Yl’l,t/ IT Dn tr /\n,t/ vi’l,t/ Sn,g,t} .

n,t’

=D . o D . —pi

4: Guess trD#. Repeat the following until tr P/ converges at some jo, and set tr }3 =
—Dii
tr =Ado;

(a) For every Gy € {1,...,G — 1}, country n, beginning age go € {1,...,G — 1}, and
beginning year to € {1,..., T}, solve the corresponding Euler and budget system:

Go Go—1
{an,go,tw 90+ Go+1,to+Go+17 L Cn.go+h o+ } oy {An,go+h 1, to+h+1 g } :

(b) Check

H%Dz] Dz]/ <€><10_2.

If it holds, return 1 Did and proceed to Step 5. Otherwise update
DU = DA 4 (1 - )P, e (0,1),
and repeat Step 4(a) with j = j + 1.

5: For iteration i, calculate the implied capital path fi/ for every country and check

‘*1_

if the condition holds then
Return K and stop.
else
Update

K''=(K'+(1-0K, (€(01),
43
and repeat from Step 2 with i =i+ 1.

10: end if




Detail for Step 4

In the current single-sector model,

Cn,g+1,t+1 Rn,t+1 P
I ,Bll)n,t-i-lsn,g—i-l,t—&-l 1+—+—=-9 .

Cn,g,t Pn,t+l
Define R
_ _ nt+1
Sn,g+l,t+1 = ¢n,t+1sn,g+1,t+1/ ®n,t+1 =l+——-0=1+ Y t+1-
n,t+1
Then
Cn,g+1,t+l 0
—— = [BSng+1t+1On11]
Cn,g,t
Consequently,
Pn,t+1cn,g+l,t+1 o Pn,t+1 [IBS “ t+1® t+1]p
- n, ’ n,
Pn,tcn,g,t Pn, §
Define
_ n,t —-p
An,g+1,t+1 == [,Bsn,g+1,t+1®n,t+l]
Pn,t+1
Thus,

Pn,tCn,g,t = An,g+1,t+1Pn,t+1cn,g+1,t+1-

Substituting the single-sector household budgets gives
L F D T
Pn,t®n,tan,g,t - Pn,tun,g+1,t+1 + Wn,t(1 - Tn,t)ln,g + dn,t + trn,t + trn,t

L F D T
= Npgritt1 [Pn,t+1@n,t+1ﬂn,g+1,t+1 — Puiv1angi2t42 + W1 (1= T ) Ing+1 + dyy g + 00 040

If these equations are solved from (g, t) through (g + Go — 1, + Go — 1), there are Gy
unknown interior assets under Gy equations, conditional on the boundary values 4, ¢; and

An,g+Go+1,t+Go+1- The first equation is
Pn,t®n,tan,g,t - [Pn,t + An,g+1,t+1pn,t+1®n,t+l] an,g+1,t+1 + An,g+1,t+1Pn,t+1an,g+2,t+2

L L
= Nng+1,t+1 Wie1(1— Tn,t+1)ln,g+1 — Wy (1— Tn,t)ln,g

F F D D T T
+ [An,g+1,t+1dn,t+1 - dn,t] + [An,g+1,t+1t7’n,t+1 - t’”n,t} + [An,g+1,t+lt”n,t+1 — -

The last equation is

P t+Go—1Om,t+Gy—18m,+Go—1,t+Go—1

- [Pn,t%»Gofl + Ai’l,g+G0,t+G0Pn,t+G0®n,t+G0} aﬂ,g+G0,f+Go
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+An,g+Gg,t+G0 Pn,t-I—GO An,g+Go+1,t4+Go+1

— L
- Aﬂ,g-i—GO,H-GO Wﬂ,t+G0 (1 - Tl’l,t+G0)ll’l,g+G0

L
o n,t+Go—1(1 - Tn,t+Gofl)ln,g+Go—l

F F
+ [A”/8+G0/t+Godn,t+Go - dn,t+G071}

+ A",g+G0,t+thrn,t+G0 - tri’l,tJrG[)fl] + |:Anrg+GOrt+GOtrn,t+G0 — trn,tJrG[)*l] .

Define
— _
a ;;,g,t =
Let
1
A=
_O

an,g,t

Gox1

An,g+1,t+1
An,g+2,t42
0= - ,
An,g4+Go—1,t+Go—1
an,g+GO,t+GO Gox1
_ . _
0
—kk _
’ @ 3,g+Go+1,t+Go+1 =
0
Gox1 | An,g+Go+1,t+Go+1 |
N
0
0 _|zeros(1,Go — 1) 0
eye(Go—1)  zeros(Gp—1,1)
1 0— GUXGO
01 0 --- 0]
0 0 1 -0
, E = eye(Go).
0 0 0 1
O O 0— GoXGO
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Define
G)n,tp n,t

O i+1Pu 41

O, t+Go—2Pnt+G,—2

| On,t4+Go—1Pn t+Go—1 | Gox1

Ang1,4+1 P11
An,g12,t4+2Pn 142

2l
Il

An,g+Go—1,t+Go—1Pn,t4+Go—1

An,g+G0,t+G0Pn,t+G0 1 Gyx1

Pn,t + An,g+1,t+1®n,t+l Pn,t+1
Puti1+ Angi2t42@ni12Pn 12

P+ A@ign =

PutiGo—2 + Mgt Go—1,4+Go—19n,+Gy—1Pnt+Go—1

P tGo—1 + AigtGot+GoOn t+Go P i+Go 16yt
The shift matrices imply
an,g,t
ﬂn,g+1,t+1
— — :
Aan+Eﬂ:fl/g,t: : ’

an,ngGng,tJrGng

_an,g+60*1,l‘+cofl_ GO 1

An,g+2,t+2
An,g+3,t+3
11— —>>¢<* . .
A d n+Ea o Goiti4Got1 =

an,ngGo,tJrGo

| An,8+Go+1t+Go+1] g, «1
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Define the next- and current-period labor-income vectors

L
Angi1+:1 W1 (1 — T ) Ing+1

L
— Angi2i42Wnir2(1 = T o) ngta
AW = $ Ve ,

L
An,g+Go,t+Go Wn,t+Go(1 - Tn,t+co)ln,g+Go Gox1

Wn,t(]. - Tl,%t)ln’g
W - = Wn,t—i—l(l - Trﬁt+1)ln,g+1
n — .

L
Wit Go-1(1 = Ty 6y 1) gt Go-11

For any age-invariant per-capita payment z,, ; € {dn by Dt } define

Apg+1, 14120441 — Znjt

A, g+2,4+2Zn,t4+2 — Zn,t4+1

ANTZ , =
A, +Go—1,t+Go—1Zn,t+Go—1 — Znt+Gy—2
Ang+Got+GoZnt+Go ~ Znt+Go-1 | g 1
Here,

tT’T Dn,t
nt — s

Nyt

where
Nn t

Dn,t = _¢n,t (Rn,tKn,t + Wn,tLil,t) + =" Z ¢mt m th,t + Wm,thn,t) .

Also,

Z (Nn,g—l,t—l — Nugt) angt
D _ §=2
trn/t = Pn,t@n/t

N n,t

In vector form,

D D= n,t(H)n,t [(Nzn tfl(l : G — 1,1) — Nzn,t(z : G,l))l 771,1‘(2 : G,l):| .
Nn,t ’

For a vector x and a conformable matrix B, define

x o B = diag(x)B
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For two vectors, o denotes element-by-element multiplication. Then

Leftside = (ﬁn o [A?n +Ea :l,g,t] — P+ AOP, o 71«

1= —
—‘Fﬁno |:A a 1’l+E a Tl,g+G0+1,t+G0+1i| .

Equivalently,
Leftside = {Gﬁ’n ocA—P+ A@ién oE+ [ﬁ’n o A’} 7,1 + Res,

where

Matrix = ©Py 0 A — P+ A®Py, o E + ABy o A/,

— * _)**

Res = (ﬁn oEda 1+ /@n OE @)yt Gyt1,t+Got+1-

The right-hand side is
Rightside = AW I — W1 + AAdF + AATD + AAHT.

Therefore,

@, = Matrix ! (Rightside — Res) .

In numerical implementation, solve
Matrix @, = Rightside — Res

directly instead of explicitly forming the inverse.
One can solve for 7,1 from

Pn,t Cn,g,t
Pn,t+1 Cn,g+l,t+1
) o )
Putico-1 Ci,g+Go—1,t+Go—1
| Puttco | (Go+)x1 L ng+Got+Go | (gy1)x1
Oyt P tan gt

O, 141 Py t4100,g41,441

O, i+Gy—1Pn,t+Gy—1n,g+Gy—1,t+Go—1

®n,t+GgPn,t+Goan,g+G0,t+Go i (G0+1)><1
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Pn,tan,g+1,t+1
Pt +10n,g+2,t42

Pn,t+GO—1an,g+Gg,t+Gg

_Pn,t+GOlln,g+G0+1,t+G0+1_

Wn,t(l — Tr%,t)l”/g

Wn,t+1 (1 - Trlljt_;_l)ln,gjtl

L
Wn,t+Go—1(1 - Tn,t+G071)ln,g+Go—l

L
Wn,t+Go(1 - Tn,t+G0)ln,g+Go

F D T
dyy = by E
F D T
g 101 F

F D T
Ay iiGo—1 T Miprce—1 T i1
F D T

dn,t+G0 + tri’l,t-‘rGO + tri’l,t-i—Gg

(G0+1) x1

- (G0+1) x1

- (Go-‘rl) x1

Finally, retaining the original individual-investment accounting,

Ingt

in,g+1,t+1

in,g+Go —1,t+Gp—1

An,g+1,t4+1
An,g+2,t4+2

an,g+G0,t+G0

Ing+Got+Go | (Gyr1)x1  LAng+Go+tLi+Go+1] (g i1)x1
_ - - D1 _
An,g t tr,; Pyt
D1
an,g+1,t+1 trn,H_] Pn,t+1
—(1-9) : — : @
DA
A,g+Go—1,t+Go—1 b b Gy—1 Puirce-1
DA
An,g+Got+Go | (Go+1) x1 L trn,t—&-Go 1 (Gy+1)x1 L P46,

- (G0+1)><1

Here @ denotes element-by-element division. If the implementation does not separately re-

move age-cell bequest accounting from individual investment, set tr,?, A =0.
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A.3 Calibration of saving wedges
A.3.1 Steady-state saving wedge

The steady-state computation jointly solves the demographic, household, production, trade,
innovation, valuation, and market-clearing blocks. The saving wedge is calibrated so that the
model reproduces the observed steady-state capital stock.

1. Guess the steady-state saving wedges
Q'[,(J') - {1/151),. . .,lpg\]])} .

2. Given the steady-state demographic structure, prices, wages, returns, transfers, capital
stocks, knowledge stocks, and the trial saving wedges, solve the G — 1 Euler equations,
the age-specific budget constraints, and the asset boundary conditions

ap1 = 0, An,G+1 = 0

for the stationary age profiles
G) L0 ¢
{Cn],g' un],g+1 }g:l :

3. Compute the implied steady-state capital stock:

; G N .
) _ ng—1 _(j)
K,/ = ——; . 188
n gzz 1+gn n,g ( )
4. If
Hf((]) o Kdata < ex,

stop. Otherwise, update the saving wedges according to

Kr(zj ) K;lata

.
A R

Zyp € (0,1), (189)

and return to Step 2.

5. Conditional on the calibrated saving wedges, solve the remaining steady-state condi-
tions for capital, research-assignment shares, knowledge, prices, trade shares, factor
returns, corporate payouts, transfers, and the value of knowledge until all equilibrium
residuals are below tolerance.
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A.3.2 Transition-path saving wedges

The transition saving wedges {¢,,;} are calibrated to match the observed path of aggregate
capital. The initial wedge ¢, is fixed at its calibrated steady-state value.

1. Guess a path
vl = Lol ell}, t=2. T4

2. Given the paths of prices, wages, capital returns, payouts, transfers, survival probabil-
ities, and the trial saving wedges, solve the age-specific budget constraints and Euler
equations for every country, birth year, and age. The solution includes

V) 0))
{Cn,g,t’ an,g+1,t+1

together with the newborn and terminal asset conditions.

3. Aggregate the implied household assets:

» G .
K} =Y Nug-1iaayy,  t=2,...,T+1. (190)
g=2
4. If
Hf(g)ﬂl - K§ ‘ < €K
stop. Otherwise, update
(+1) 0) K(]Z _ Kdatta
, n,
b :¢n{t+g¢”KT, lp€(0,1), t=2,...,T+1, (191)
n,t

and return to Step 2.
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